Abstract. Lecomte and Ovsienko constructed SL n+1 (R)-equivariant quantization maps Q λ for symbols of differential operators on λ-densities on RP n . We derive some formulas for the associated graded equivariant star products ⋆ λ on the symbol algebra Pol(T * RP n ). These give some measure of the failure of locality. Our main result expresses (for n odd) the coefficients C p (·, ·) of ⋆ λ when λ = 
Introduction
Lecomte and Ovsienko ([L-O]) constructed SL n+1 (R)-equivariant quantization maps Q λ for symbols of differential operators on λ-densities on RP n . We derive some formulas for the associated graded equivariant star products φ ⋆ λ ψ = φψ + ∞ p=1 C λ p (φ, ψ)t p on the symbol algebra Pol ∞ (T * RP n ). The star products ⋆ λ is "algebraic" in that (Proposition 3.1) it restricts to the subalgebra R generated by the momentum functions µ
x , x ∈ sl n+1 (R). We compute some special values of φ ⋆ λ ψ in Proposition 4.1. We conclude in Corollary 4.2 that C λ p (·, ·) fails to be bidifferential, except if λ = 1 2 and p = 1. The reason is that C λ p (·, ·) involves operators of the form (E + r) −1 where E is the fiberwise Euler vector field on T * RP n and r is a positive number. In our main result (Theorem 5.1), we write, for n odd, the coefficients C The operator Z p (·, ·) (p ≥ 2) is quite subtle as it has total homogeneous degree −p. It is not the pth power of the Poisson tensor (with respect to some coordinates) because we can show that the total order of Z p (·, ·) is too large. It would be very interesting to find a way to construct Z p using the method of Levasseur and Stafford ([L-S] 
d is the graded Poisson algebra of smooth complex-valued functions on T * RP n which are polynomial along the cotangent fibers, and
is the filtered algebra of smooth (linear) differential operators on λ-densities on RP n . Then Q λ is a quantization map in the sense that Q λ is a vector space isomorphism and φ is the principal symbol of Q λ (φ) if φ ∈ A d . The natural action of SL n+1 (R) on RP n lifts canonically to a Hamiltonian action on T * RP n with moment map µ : T * RP n → sl n+1 (R) * . The density line bundle on RP n is homogeneous for SL n+1 (R). This geometry produces natural (complex linear) representations of SL n+1 (R) on A and B λ ; Q λ is equivariant for these representations. The procedure of Thm. 4 . Then u 1 , . . . , u n are linear coordinates on the big cell R n defined by u 0 = 1. These, together with the conjugate momenta ξ 1 , . . . , ξ n , give Darboux coordinates on T * R n . For any vector field η on RP n , let µ η ∈ A 1 be its principal symbol and let η λ be its Lie derivative acting on λ-densities so that
The quantization map Q λ defines a star product; see
Proof. Let β : B λ → B 1−λ be the canonical algebra anti-isomorphism and let α : A → A be the Poisson algebra anti-involution defined by φ
. Otherwise parity is violated, already for C λ 1 . Indeed, if φ ∈ A 0 and µ ∈ A 1 , then φ ⋆ λ µ = φµ + λ{φ, µ}t, and so
. Then Q λ is sl n+1 (C)-equivariant, where we define µ x and η x λ for x ∈ sl n+1 (C) by µ x+iy = µ x + iµ y and so on. The algebra R(T * CP n ) of regular functions (in the sense of algebraic geometry) on (the quasi-projective complex algebraic variety) T * CP n identifies, by restriction, with a subalgebra R of A. Similarly the algebra of D λ (CP n ) of twisted algebraic (linear) differential operators for the formal λth power of the canonical bundle K identifies with a subalgebra D λ of B λ . Then R is generated by the momentum functions µ x , D λ is generated by the operators η x λ , and gr D λ = R. These statements follow, for instance, by [Bo-Br, Lem. 1.4 and Thm. 5.6], since the proofs of the relevant results there generalize immediately to the twisted case. We get natural identifications R = S/I and D λ = U(g)/J where I is graded Poisson ideal in the symmetric algebra S = S(sl n+1 (C)), J is a two-sided ideal in the enveloping algebra U = U(sl n+1 (C)), and gr J = I.
Notice R carries a natural representation of SL n+1 (C), which then extends the SL n+1 (R)-symmetry it inherits from A.
Proposition 3.1. For every λ, ⋆ λ restricts to a graded G-equivariant star product on the momentum algebra R.
Proof. It suffices to check that
). This follows easily in any number of ways. For instance, the
are complete sets of lowest weight vectors in R and D λ .
Remark 3.2. The restriction of ⋆ λ to R has parity iff (i) λ = . Going back to [L-O, (4.15)], we get a similar formula for all λ. We find
where # denotes the graded star product defined by Q norm and g λ = h −1 λ . We find, directly from (4.2) or using [L-O, (4.10)], that g λ is given by (4.1). 
Corollary 4.2. None of the operators
. This implies, if C λ p is bidifferential, that g λ;p is a differential operator on T * R n . Looking at our expression for g λ;p , we deduce E +j +λ(n+1) = E + In this section, we set λ = 1 2 and suppress the corresponding super(sub)scripts. We put
where E is the fiberwise Euler vector field on T * RP n . See [A-B3] for an interpretation of the shift n 2 . Let [m] be the greatest integer not exceeding m.
. These are both invertible on A if n is odd. Our main result is Theorem 5.1. Assume n is odd and let p ≥ 1. Then C p has the form
where Z p is an SL n+1 (R)-invariant bidifferential operator on T * RP n . Z p is uniquely determined by (5.1), even if we just take φ, ψ ∈ R. Thus ⋆ is uniquely determined by its restriction to R, once we know that
Proof. We return to the proof of Proposition 4.1. Let
, with g 0 = h 0 = 1. Writing out (4.3) termwise, we get, for p ≥ 1,
, the formula (4.2) simplifies in that [
) and
d . This is a formal relation, valid for n odd since then S d is invertible. Similarly, (4.1) gives
Each Z mkij , and so also their sum Z p , is a bidifferential operator on T * R n with polynomial coefficients. I.e., Z p lies in E ⊗ P E where
. Now Z p is invariant under sl n+1 (R); this is clear since T p , C p and S p are all invariant. It follows by projective geometry (as in [L-O, §8.1]) that Z p extends uniquely to a global (and uniquely) to an algebraic differential operator Z p on T * C n ; this amounts to replacing our Darboux coordinates u i , ξ j by their holomorphic counterparts z i , ζ j . Then Z p is sl n+1 (C)-invariant and (by projective geometry again) extends to T * CP n .
Notice that this proof gives an explicit formula (in the coordinates u i , ξ j ) for Z p .
Remarks 5.2. (i) Suppose n is even. Then this proof still shows that the formula
We can show that all the other results in Theorem 5.1 are still true, so that (5.1) determines Z p uniquely even for φ, ψ ∈ R ∩A * , Z p is an SL n+1 (R)-invariant bidifferential operator on T * RP n , etc. (ii) The maps Q norm and h λ are equivariant with respect to only a parabolic subgroup P of SL n+1 (R), even though their product Q λ = Q norm h λ is equivariant for SL n+1 (R). Here P is the subgroup of the affine transformations of R n (i.e., the one which fixes the subspace (u 0 = 0) in RP n ). Our formula (5.1) is manifestly equivariant for SL n+1 (R).
Next we recover part of the results found for g = sl n+1 (C) in [A-B1, Prop. Corollary 6.1. Let n ≥ 1. For any momentum function µ
x , x ∈ sl n+1 (C), we have
where
x extends uniquely to an algebraic differential operator on T * CP n .
Proof. Suppose n is odd. For ψ ∈ A, (5.1) gives
The last equality follows because the operator Z 2 (µ x , ·) is graded of degree −1.
For n even, (6.2) is still true on account of Remark 5.2(i), except in the case where n = 2 and ψ / ∈ ⊕ ∞ d=1 A d . But if ψ ∈ A 0 then both C 2 (µ x , ψ) and Z 2 (µ x , ψ) vanish for degree reasons and so the first and third expressions in (6.2) are still equal.
This proves (6.1), for all n, where L x = 2 n Z 2 (µ x , ·). Then L x extends to an algebraic differential operator on T * CP n ; this follows since both Z 2 and µ x so extend. The L x , for x = 0, all have the same order. This follows because the L x , like the µ x , transform in the adjoint representation of SL n+1 (C). We can choose µ x = ξ m (the choice of m ∈ {1, . . . , n} is arbitrary). Let L (m) be the corresponding operator L x . Using (5.2) we find after some calculation 
where L 
